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Abstract

In financial markets, accurate option pricing is essential for
investors and risk managers. Two widely used mathematical models
for pricing European options are the Binomial Option Pricing Model
and the Black-Scholes Model. This paper provides a comparative
study between the two models by analyzing their assumptions,
computational approaches, strengths, and limitations. While the
binomial model offers a discrete-time framework and is particularly
suitable for American-style options, the Black Scholes model
provides a continuous-time analytical solution under specific
assumptions.

A numerical example is used to illustrate how the two models
produce similar results under certain conditions. Numerical results
demonstrate that as the number of steps in the Binomial model
increases, the results converge significantly toward the Black-
Scholes model values, confirming the convergence between discrete
and continuous models in financial mathematics.

Keywords: stochastic model, option pricing, black-scholes,
binomial model.
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1. Introduction

Models based on SDEs have been implemented with significant
success across diverse research fields, such as biology,
epidemiology, mechanics, economics and finance.

The foundational importance of these modeling concepts dates
back to their emergence in 1905.[1] Option pricing constitutes an
essential component of the options trading market. The theoretical
exploration of this field dates back to 1900, when Bachelier
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introduced an early stochastic model for stock price dynamics based
on the concept of random wandering in his work "Theory de la
Speculation".[2]

Later, Black Scholes developed the Black-Scholes (BS) option
pricing formula, which catalyzed extensive academic interest in the
subject.[3]

During the same year, Robert Merton refined this framework,
leading to the establishment of the Black-Scholes-Merton (BSM)
Model.[4]

The Black-Scholes-Merton model, frequently referred to as the
Black-Scholes model, serves a mathematical framework for
financial derivative markets used to derive the Black-Scholes
formula. This formula provides estimates for the pricing of
European call and put options and represents the first
mathematically rigorous approach to be widely adopted for option
valuation. The model is credited by many for the substantial growth
in options trading and continues to exert a profound influence on
contemporary financial pricing.

Before its introduction, traders lacked a uniform mathematical
methodology for valuing options. However, empirical studies have
demonstrated that the price estimates generated by this formula
align closely with observed market prices.[5]. Following the
introduction of the Black-Scholes formula for European call options
in 1973, numerous economic models have been developed and
documented. Notable examples include the Heston model, the jump-
diffusion model, the constant elasticity of variance (CEV) model,
and the Cox-Ingersoll-Ross (CIR) model. [6]

A highly effective and widely utilized method for option
valuation involves the construction of a binomial tree. This
diagrammatic representation illustrates the various potential
trajectories a stock price may follow throughout the duration of an
option. This approach is founded on the fundamental assumption
that the stock price performs a random walk; specifically, within
each time interval, there is a defined probability of the price
increasing or decreasing by a specified percentage. In the limit, as
the time steps approach zero, this model aligns with the Black-
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Scholes-Merton framework. Furthermore, the European option
price derived from the binomial tree converges to the Black-
Scholes-Merton valuation as the time increments diminish. [7]. This
paper begins by introducing the concept of financial options and
discussing their main classifications, including European and
American options, as well as call and put options. It then presents
the theoretical foundations of the Black—Scholes model, including
its underlying assumptions and pricing formula, followed by a
numerical example illustrating its application in option valuation.
The study subsequently introduces the Binomial Option Pricing
Model, highlighting its fundamental assumptions and pricing
methodology. To demonstrate the implementation of this model,
numerical examples based on both one-step and two-step binomial
trees are provided. These examples illustrate the step-by-step
valuation process and emphasize the flexibility of the binomial
approach in modeling the evolution of the underlying asset price.

Finally, the paper presents a comparative analysis of the Black—
Scholes and Binomial models.

2. Some Basic Concepts:

2.1 Options

Definition. An option is an accord among a purchaser and a vendor
that grants one person the ability, but not the responsibility, to
purchase or sell a stock until a predetermined time, while the other
person is required to carry out the terms of the agreement upon
request. [8]

There are two primary categories of options:

e European-style options: Are only exercisable at the date of
maturity.

e American-style option: Can be exercised at any point prior to
their expiration date of validity, unlike European options.[8]

The two primary kinds of options are as follows:

1- A purchase option: Grants its holder the ability to purchase a
stock S, at a price known as the exercise price or strike price K up
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until a predetermined period of time known as the options
maturation or expiry date T.

The option is meaningless and useless if it is not exercised in the
date of expiry, meaning that the holder chooses not to purchase the
stock that is underlying.

The option is utilized and the owner earns S, — K by buying at K
and then selling in the marketplace at Syif the stock value is higher
than K at T. The option is meaningless to the owner if the stock
value is lower than K.

For the owner of a European call at T, the payoff is

max|[S, — K,0] = (S, — K)* (1)
where S, current price, and K is strike price.[8]
2- A sale option: Grants its holder the ability to sell a stock for a
strike price through the option's maturity date.
The payoff of a European put option is given by a similar logic as

max[K — S,,0] = (K — Sp)* (2)

2.2. Option Price (Premium):

Definition. The premium is the market price of the option, which

should not be combined with the value of the shares that is being

traded. The premium is influenced by several variables: The current

share price S, the strike price K, the amount of time left until the end

of the period T, and the share's volatility ¢ are some of the variables

that affect the premium. [§]

3. BSM Presumptions:

The BSM presumptions are:[7]

1. The fundamental stock's value follows a geometric Brownian
motion with constants y and o.

2. Itis acceptable for one to short securities and utilize the revenue
in fully.

3. No exist any duties or transactional expenses. Every security can
be divided correctly.

4. Throughout a duration of the derivatives, not exist profits.

5. There are no riskless arbitrage opportunities.
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6. Trade in securities is ongoing.
7. During every maturity, the risk-free rate of interest, or r,
remains fixed.

4. Black-Scholes Closed Form:
The European call options cost in the BSM is
€(0,S0) = SoN(dy1(T,So)) — Ke "N (d,(T,Sp)), 3)

where d; and d, are defined as follows:

ln(£)+(r+§)t

dl(tls) = G\/E )
d,(t,S) = d, — oVt.

It should be noted that the premium depends on the volatility o
rather than the mean amount of returns w, which is typically
undefined.In the BSM, the European put option price is computed
in exactly at the same manner.

P(0,Sy) = Ke "TN(—dy(T,So) — SoN(—d4(T, So)) 4)

4.1 Example:

Consider a stock with a current price of $100. A European option
on this stock expires in six months (T = 0.5), the exercising value
is $100, the interest rate without risk is 5% annually, and the

likelihood of volatility is 20% annually. That is to say:

Sy =100, K =100, r=005 =02  T=05,
2
In(100/100) + (0.05 +2-) 0.5

d: =
! 0.2v/05
dy = 0.2475 — 0.2/0.5 = 0.1061.

= (.2475,

Therefore, if the option is a European call, the worth C isdetermined
as
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C = 100N (0.2475) — 100e~%05%05N(0.1061).
If the option is a European put, the worth P is determined as
P = 100e~%05%05N(—0.1061) — 100N (—0.2475).

By using standard normal distribution tables or a financial
calculator, the values of the standard normal distribution function
can be determined as follows:

N(0.2475) = 0.5977 ,N(—0.2475) = 0.4023,
N(0.1061) = 0.5423 ,N(—0.1061) = 0.4578.

in order for
C = $6.88, P =$4.42.

5. The Binomial Model (BM)

Cox etal. (1979) proposed the binomial option pricing model, which
depends on a discrete-time framework that supports two possible
markets outcomes u(up), d (down) at any given period.[9]
Designing a binomial tree is a common and widely employed way
of pricing an option. The graph below illustrates all of the pathways
that the shares price could take throughout the course of an option.
The fundamental premise is that the shares value exhibits a
fluctuating pattern. It has a specific likelihood of rising uphill by
some percentage and a definite probability of moving downhill by
an identified percentage in every period.[7]

/ uS with likelihood p
S \

Fig. 1: One-step binomial tree for asset price evolution.

dS with likelihood 1 — p
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Originally put forward by Cox, Ross, and Rubinstein 1979, the
binomial tree methodology ranks as one of the more utilized
techniques for determining pricing in diffusion models. [9]

5.1 The Binomial Model's Presumptions:

1. In discrete intervals, the asset price movement follows a
multiplicative binomial pattern.

2. There are two conceivable outcomes the share's return during
each phase:

u — 1, with likelihood p, or d — 1, with likelihood 1 — p. The value
of the shares at the finish of the term thus will be uS or dS if the
present value of the shares is S.

3. The risk-free interest rate is positive and steady throughout the
period.

4. Exist absolutely no charges for transactions fees, charges. As a
result, it is possible to sell any kind of security short while retaining
all of the profit.[9]

5.2 A Single-Step BM Example

Given an option on a shares having a present value of € and an initial
price of S; = $100 Provided that the option has a duration of T =
6 months, the price of the share may go rise from S, to a higher
level, Sou = $115.19, and u > 1, or fall from S, to a lower level,
Sod = $86.81,and d < 1.

The objective is to evaluate a European call option to buy the shares
for K = $100 in 6 months.

At the end of this period, the option is going to have just one of two
values:

If the stock price rises to $115.19, the payoffis C,, = $15.19.

If the stock price falls to $86.81, the payoff is C; = $0. Fig.2
depicts the case.

8 ISTJ — Volume 39-1 1 - 39 22al) - Al 5 & slall A 5al) dlall


http://www.doi.org/10.62341/istj-vol39-1-hb20

International Science and Volume 39 ) 3y 0 3,455 dpd ) <
Technology Journal alaal) o ——
Tt IS = Y e
Impact of Applying Stochastic Differential Equations on Accurately
of Stock Prices Predicting with Comparison between Black-Scholes

and Binomial Models

http://www.doi.org/10.62341/istj-vol39-1-hb20

Sou = $115.19
C, = $15.19

So = $100 \

Sod = $86.81

Cd:$0

Fig 2: Shares and premium in single step tree.
The formula for the option price is derived as:

C=e[pC+ (1 —-p)Cal , (5)
where p represents the risk-neutral probability, defined as:

el —d
P=—""q- (6)

When shares value fluctuations are provided by a single-step
binomial tree, an option can be valued utilizing equations (5) and
(6).

In the prior mentioned numerical example (refer to Fig 2),

u=1.1519, d=08681, r=0.05
T =0.5,C, = 15.19,C, = 0.

Equation (6) yields:
e005%6/12 — 08681
= = 0.538,
P = 11519 — 0.8681
1—p = 0.462

9 ISTJ — Volume 39-1 1 - 39 2aall - A8l 5 o slall 23] gal) Alaall


http://www.doi.org/10.62341/istj-vol39-1-hb20

International Science and ¥ Olume 39 axd) iy plell li g )
_Technology Journal Part 1 daal i <
Gl ) ISTA7

Impact of Applying Stochastic Differential Equations on Accurately
of Stock Prices Predicting with Comparison between Black-Scholes
and Binomial Models

http://www.doi.org/10.62341/istj-vol39-1-hb20

Thus, the option price is obtained from Equation (5) as follows

C = e7005%05(0,5539 x 15.19 + 0.4461 x 0) = 8.21
This result is consistent with the previously determined answer.[7]
5.3 Two-Step Binomial Tree:
The scope of the study is further extended to encompass a two-step
binomial tree, like the one depicted in Fig.3
In this instance, the shares value begins at $100 and could rise or
fall by 10% in each of the two-time phases, and r = 5% annually,
and each step lasts 3months.
A 6-month option is examined option with an exercise price $100.
Calculating the premium at the tree's starting point is the objective
of the analysis. This is achieved through by the iterative application

the previously mentioned concepts.

$110.52 \
//—-P

$100 \ I $99.100
$90.48 —

Fig, 3: Shares prices in a 2-step tree.

$81.87

A $2215

$11.77 D

$625 F < B $0
$0 E /

Fig. 4: The premium in the 2-step tree.
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Fig. 4, demonstrates the premium in each point, the premium in the
terminal points of the branch can be readily computed.
In points B and C, the premium is out-of-the-money and has no

worth, in point A, C,,, = $22.15 and the premiumis 122.15 —

100 = 22.15.
Because point E goes either to point B or C, the two of which have

0 premium, point E has a 0 premium.
Utilizing u = 1.1052, d = 0.9048, r = 0.05,T = 0.5andp =
0.538

and the premium worth in point Dis provided by Equation (5) with
r = 0.05 andp = 0.538:

3
e~ %95%(0.538 x 22.15 + 0.462 X 0) = $11.77

Similarly, the premium in point F is determined by focusing on the

first phase of the tree. Given the values in pointsE (0) and D(11.77),
the worth in point F is:

3
e %05%12(0.538 x 11.77 + 0.462 X 0) = $6.25

By considering the general scenario in Fig 5, this methodology can
be applied to any 2-interval case.

At first, the shares value is S,. It potentially advances upwards to u
times its value at the start of the time period or lowers to d times
this worth through every phase of time.

The tree displays the code for the premium worth. (For instance, the
premium worth is €, following two upward moves.) It is assumed
that the time period is At years long and the risk-free interest rate is
r. because a time period's length is At instead of 7.
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Sores

Cree

Soue /
e o \
Sod /
Cr \

So e Soreed
- \ Chrrer
Sopd?

Caa

Fig 5: Shares and premium in general 2 step tree.
Equation (5) and (6) are expressed for a single step as:
C=e[pC, + (1 —p)Cal

erAt —d
P==d
Recursive application of Equation (7) yields

Cy = e_rAt[pCuu + (1 - p)cud]’
Cq = e ™ [pCyq + (1 —p)Caal,
C = e—rAt[pCu

+ (1 -p)Cal.
Equation (9) and (10) can be substituted into (11) to obtain

C=e 2" M[p2Cy, + 2p(1 — p)Cyg + (1 — p)?*Caal-

6. Comparison Between (BM) And (BSM):
6.1 Illustrative Example

(7)

(8)

9
(10)

(11)

(12)

To illustrate the difference between the BSM and the BM, take the
previous numerical example for pricing a European call option.

This section provides a comparison between the results of the BSM
and BM. The BM is extended to three-time steps (n = 3) to analyze
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the convergence toward the BSM outcomes. The parameters are
defined as follows:

Sy, = $100, K = $100, T = 0.5, oc=20%, r=5%
Step 1: compute model parameters
T 0.5
At =—=—=0.1667
n 3
u= eO'\/A_t — eO.2v0.1667 ~ 10851
d — e—d\/A_t — e—0.2v0.1667 ~ 09215
R = erAt — e0.0SXO.1667 ~ 10083
_ et — d _ 1.0083 — 0.9215
P="0"d ~ 1.0851—09215

~ 0.5306

Step2:Build the stock price tree
The calculation shows stock prices at each node up to 3 steps, as
illustrated in Fig. 6.

127.76

117.74 /

/ ~
108.51 108.50

100 99.99
92.15 \ / 02.14
84.92 \

78.25

Fig. 6: Shares prices in a 3-step tree.

Step 3:Backward induction (see Fig 7)
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Co = 2776

/Y u Cuyg =850
(=733 \

Ci'i = 235 Cudd =0

(,=1185 /
BN
e

™~

&
a

|
[ ]

NN N

&0
=N
B
|
=

Fig. 7: The premium in the 3-step tree.

6.2 DerivaGem Software

DerivaGem Software is a professional tool designed for binomial
tree applications. It can display trees with up to 10 steps, while
calculations can be performed for up to 500 steps. In this study,
DerivaGem is utilized for 3, 7 and 10 steps to demonstrate the
convergence between manual calculations and the Black-Schools
Model. It is observed that as the number of steps increases, the
option price approaches the value derived from the Black-Scholes
Model.
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The binomial tree is further extended to n = 7 steps, as illustrated
in the figure. The computed option price at the initial node is 7.080,
which shows a closer approximation to the Black-Scholes price
compared to the 3-step model. This refinement demonstrates the
numerical convergence of the Binomial Model as the time interval

At approaches zero.

A B c b E F 6 H | |J K |L| M N o P o |[R s u
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25 40132 32 3 1.2818™
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&L 73.121) A 73121
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® i
P i

The binomial model is further refined by increasing the number of

steps ton = 10.

The resulting tree yields an option price of 6.7494. This progression
illustrates the convergence property of the binomial model; as n
increases, the discrete-time price provides a more accurate

approximation of the continuous-time Black-Scholes value.
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The following table summarizes the convergence of the model
across different steps.

Tablel: Comparison of option prices between BSM and BM at
different steps.

Model Option price
Black scholes $6.88
Binomial (1 step) $8.21
Binomial (3 steps) $7.33
Binomial (7 steps) $7.08
Binomial (10 steps) $6.75

The results presented in Table (1) illustrate the convergence
property of the BM toward the BSM. It is evident that as the number
of time steps (n) increases, the estimated option price derived from
the BM approaches the theoretical value of the BSM. Specifically,
the price moves from 8.21atn =1 to 6.75 atn = 10, thereby
reducing the approximation error. This numerical evidence supports
the theoretical transition from discrete-time modeling to
continuous-time modeling as At — 0.

7. Conclusion

The comparison between the Black-Scholes and Binomial
models has proven that financial mathematics is capable of
providing accurate estimates for asset pricing despite market
randomness.

The numerical findings demonstrated that the Binomial model,
despite its structural simplicity compared to Black-Scholes,
possesses high flexibility in simulation. Furthermore, increasing the
number of time steps necessarily leads to the disappearance of the
gap between continuous and discrete results.

Thus, this paper provides a theoretical and practical framework
that assists researchers and financial analysts in selecting the most
appropriate model based on the nature of the available data and the
required precision.
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